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Feedback Control of Plants Driven by Nonlinear
Actuators via Input-State Linearization
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A new systematic method to design a control law for a linear system with a nonlinear input is proposed. Conven-
tionally, the inverse of the nonlinear function is often used to such problems, but it requires too much calculation
to solve the nonlinear equation at each control step. Accordingly, we propose a new method that only applies
the derivative of the nonlinear function. The essential idea of this method is to extend the original system with a
pseudostate variable. This approach makes it possible to avoid to use the inverse of the nonlinear function and
reduces the calculation load. Some numerical simulations are presented to illustrate the validity of this method.

1. Introduction

LTHOUGH many controller design methods have been de-

veloped for linear systems, few methods address nonlinear
systems. This paper focuses on systems that use nonlinear actua-
tors. Systems with on-off actuators, such as reaction control system
(RCS)-controlled spacecraft, or systems with actuators of limited
output, such as spacecraft controlled by reaction wheels, are typical
examples of systems of this type.

In general, the describing function method or the phase-plane
analysis method is used to analyze controllers for single-input sys-
tems or low-order systems' with such types of actuators. In practice,
a controller for a system of this type is designed for a continuous
system, and then the control signal is pulse-width modulated.” How-
ever, these methods do not provide a systematic methodology for
controller design.

Meanwhile, it is known in the field of optimal control that min-
imum time control problems yield bang-bang type controllers.?
Because these results are obtained from the optimization prob-
lem, it is necessary to design a controller to follow the resultant
optimum trajectory, but designing such a controller is generally
difficult.

Consequently, it is desirable to develop a systematic methodology
to design state-feedback controllers for nonlinear systems, similar
to that for linear-continuous systems. This paper describes a control
method that applies linearization* to the state-feedback control of
nonlinear time-invariant systems.

We present a feedback control design method for an nth-order
system with a nonlinear actuator in Sec. II, and some numeri-
cal results are shown in Sec. III, including an on-off controller
example.
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II. Controller Design for a System Driven

by a Nonlinear Actuator
A. Controller Design

A single-input nth-order system driven by a nonlinear actuator
can be expressed as follows:
x=Ax+ by (u) (1)

where x € R", u € R, and it is controllable. Suppose Eq. (1) is ex-
pressed in controllable canonical form as

0 1 0 0 0
| 0 0 1 - 0 R
= , =1, 2
-y —ap —op —Oy—1 1

In this equation, let ¥ (u) express the nonlinear characteristic of
the actuator as a function of the controller output u. Assume v (1)
is differentiable by # any number of times and each of them hold
nonzero values. Our objective is to find a state-feedback controller
that stabilizes the system (1) and satisfies its control requirement.
One solution for this problem is the following method. If the
nonlinear function ¥’ is a nonzero function, then the system (1) can
be linearized. Because Eqs. (1) and (2) show that the right hand of
Eq. (1) can be decomposed into linear part Ax and nonlinear part
by (u), it can be linearized.’ Applying the method in Ref. 5 to this
system, the variables and the input are converted as follows:

71 = X1
L =Xy
V= —apx) — Xt = o1 X, + P (u) 3
and we obtain the following linear system:
=2
=0 “
In this case, the actual input u is calculated from the virtual input v.
w=1y"" U+ aox; + Xy + o+ oy 1x,) ®)

Here we propose a new method that does not apply the inverse
function directly but uses dynamic nonlinear state feedback. The
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resulting controller in this framework stabilizes the closed-loop sys-
tem, and the controller itself is stable. To use this dynamic nonlinear
state-feedback method, we introduce the following extended system
to realize the linearization:

X = Ax + by (xy41),

where x, . is a pseudostate variable and u* is a pseudocontrol
variable. Equation (6) can be written in the form:

Xnp1 = —aXy41 + Bu” (6)

X =f() +gu" (7
where
[ x
X = ] ®)
_-xn+l
F) = Ax+b1/f(xn+1)]
L —OXy 4
_ X
= x.n
—0pX| — - = Q1 Xy + Y (Xpp1)
L Xy 41
= -0i| O]
£ s

In this case, if 870 and ¥/ (x, 1) # 0, then it can be linearized for
all x,, ;| (Appendix A).

A standard linearization method* is then applied to obtain the
coordinate transformation z =z(x) and the input transformation
u* = p(x)+qx)v. To apply this linearization method, let V, de-
note the Jacobian matrix V, =[dz;/9dx;], that is,

V.,
V.= (10)
V7,n+|
Lie brackets [f,gl=V,f —V,g are defined as ad‘}g =g,
ad,g =1f, ad’f_]g], and the Lie derivative with respect to f is
deéned by L sh =V, f, where h is a scalar function and f is a vector
field.

Asisdescribedin Ref. 4, the coordinate transformation is obtained

as

1 =X

Tngl = —QoX| — Xy — -+ —Qu_1X, + Y (X 1)  (11)

Because the input transformation is u* = (v — L'}+]zl)/(LgL’}zl),
we obtain

W= (1/BY)|v — ety —1x1 — (@10 1 — aQ)xy - -
- ((1271 - aan)xn +a7171¢(-xn+1) + O{X”+1¢/] (12)

Then, substituting Egs. (11) and (12) into Egs. (7), (8), and (9) results
in the linearized system given here:

L1=2
Zn =Zn+1
41 =V (13)

The system (13) is state controllable, and so we can design the
controller

v=—Kz=—-kizi- - —kyt12u+1 (14)

using linear control theories.

Although the control law designed in this manner uses pseu-
dostate variables zy, 22, ..., Z,+1 in the linearized state space, it
can be implemented as a simple state-feedback controller using the
actual state variables x as described next.

The real input to the actuator with a nonlinear characteristic func-
tion ¥ (x,+1) i8S X, +1, which can be obtained from Eq. (6). Using
Egs. (11), (14), and (12), the control variable u* is given by

—kixy —koxa - — kX 4 (-1 — Ky DY @YX,
BY’

u =

(15)
where

i ki —a;i thkyy1+oija, g i=1
Tk itk i —ai_a i=2,...,n (16)
are constants. Summarizing the second equation of Egs. (6) and
(15), the dynamic characteristic of the controller is
g1 = —(kixy s+ kax) W+ @ = ke DY /Y (A7)
Thus, the controller can solve Eq. (17) using xy, .. ., x,, and outputs
the signal x, ;| to the actuator.

B. Controller Properties

The closed loop resulting from this method is stable if there are
no modeling errors in the control target. Moreover, if k, .1 > o, _ 1,
it can be shown that the controller (17) itself is stable (Appendix B).
This fact is important because it is undesirable to have an unstable
transfer function in the loop even if the closed loop is stable.

When the system (1) was extended to Eq. (6), we added a first-
order system with parameters «, 8. However, the resultant controller
(17) does not include these parameters. From this, we can see that
the resultant controller is not dependent on the values of «, f; it
simply requires 8 # 0. Furthermore, we obtain similar results even
if we add a higher-order system.

Using the method of Ref. 5, it is possible to linearize the system
only if the inverse function exists. However, the existence of the
inverse function and the region where the inverse function exists
depend entirely on the function . In our proposed method, there is
also a region where the variable transformation exists. For example,
if ag, ..., a,_1 =0 and the output of ¥ (x, ;1) is limited, the equa-
tions of coordinate transformation (11) show that z,, | =¥ (x,, 4 1)
has to be also limited. In this sense, there is no great difference be-
tween our method and that of Ref. 5. However, we can evaluate the
existence of variable transformation from the behavior of the sub-
system (17), which consists of an added variable and a pseudoinput.
This gives us more flexibility to design a controller.

III. Example Applications

A. Example 1
We apply our method to a simple problem with a nonlinear func-
tion whose inverse cannot be obtained analytically. Consider a sim-
ple system expressed as
. 1.3 2
X1 = Xy, Xp=zu’ +u + 2u (18)
In this case, ¥ ! cannot be described explicitly, and so itis difficult to
apply the conventional method using ¥ ~!. The conventional method
requires solving the nonlinear equation to get 1~ at each control
step. However, we can apply the proposed method.
First, this system is extended as
X2 =Y (x3),

X| = X2, X3=—x3+u" (19)

Applying the coordinate transformation
23 =Y (x3) (20)

71 = X1, 22 = X2,
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0 1 2 3 4 5 6 7 8 9 10
Time [sec]
Fig. 1 Results of example 1.

the linearized system is

21 = 22, 2 =23, 3= @2n

where
u* = x3 4 v/P'(x3) (22)

From Egs. (19), we can easily obtain the derivative of the nonlinear
function as

V) =ut+2u+2 (23)

Note that 1/’ obviously holds nonzero value.

Now, we can design a controller for this linearized system using
appropriate control theory. In this example, the controller is designed
as

v=—Kz (24)

where K =[4 6 4]. Figure 1 shows the time evolution of this case.
The initial states are x;(0) = 10.0, x,(0) =1.0.

This example shows that the proposed method works effectively
and has an advantage of applicability comparing to the conventional
method.

B. Example 2

The next example is also a simple problem with a nonlinear func-
tion the derivative of which is zero at some points. Consider a simple
system expressed as
X = —u =) (25)

X1 = Xz,

In this case, /! cannot be described explicitly, again. However, we
can apply the proposed method.
First, this system is extended as

X = Y(x3),

Note that ¢ must be nonzero. Then, ¥ is approximated as

).63 = —X3 + u* (26)

X] = X2,

au —uy) + ¥ up <u <up
1Z= a(u —uz) + Y3 Uz <u < uy
w—u otherwise 27

where « is a small positive number and
w =3/ -a)/3-/Ga+3)/2 (28)
uy = —/(1—a)/3 (29)
us =/ —a)/3 (30)
uy = =5/ —a)/3+/Ga +3)/2 (31

|
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Fig. 2 1 and its approximation 12;
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Fig. 3 Results of example 2.
Y1 =uj —u (32)
Vs =u3 —us 33)

The constants of u; to u4 are determined so as to keep |/ (u)| > «.
Equation (17) indicates that the size of control input u =x, 4 is
governed by the size of 1/v’. Therefore, the size of « is determined
with consideration of the size of u. Figure 2 shows the original non-
linear function ¥ (solid) and its approximation v (dashed). In this
figure, o = 0.3. This is intentionally set to illustrate the difference
between ¢ and ¢ clearly. _
Then, we obtain the derivative of { as

o u1§u§u2
Uz < U < uy

3u?—1 otherwise (34)

Applying the coordinate transformation

21 = X1, 22 = X2,

73 =Y (x3) (33)
the linearized system is

21 = 22, 2 =23, 3=0 (36)
Then we can design a controller as is described in example 1. The
same controller is used, and the initial states are x;(0) = —0.127,
x2(0) =—0.1748, o = 0.05, and time step for the controlleris 0.05 s.

Figure 3 shows the results of this case. This shows that the pro-
posed method is applicable with approximation of the nonlinear
function.
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C. Example 3

Our method is applied to the attitude control of a rigid satellite
with RCS. The equations of motion around one axis are generally
expressed as

X'l = X2, )C'z = F51gn(u) (37)

where x; is the angle, x, is the rotational velocity, u is the RCS
command, F is RCS torque, and the moment of inertia is unity. We
construct an extended system as follows:

X = X2, X2 = Fy(x3), X3 =a" —x3) (38)
For this extended system, the nonlinear function is approximated
by ¥ ~ ¥, (x3) = (2/7) tan"!(px3), and the following coordinate
transformation is applied:

71 = X1, 22 = X2, 23 =F1//p(x3) (39)
We can now linearize this system with the input transformation
u* =v/[ay, (x3)]+x3, where ¥, (x3) = (2/7)p/(1 + p*x3). The
linearized system is
71 = 22, 2 =23, =0 (40)
Linear control theory is applied to this linearized system, and the
resulting state-feedback controller is

v = _kIZI — k2Zz — k3Z3 (41)

In this example, the initial states are x;(0) =2, x,(0)=0 and
parameters are a =2/, F =1, p=1000. The control gains are
k1 Zkz 2502, k3 =5a.

The simulation result is shown in Fig. 4. From the top, the plots
show the time histories of angle, angular velocity, RCS command,
and RCS torque. From this figure, it follows that the system is stabi-
lized by the bang-bang type torque of the actuators. The steady-state
response of the system is a limit cycle by on-off control.

In addition, we can obtain a new controller with a dead-band,
which suppresses chattering in the next example.

D. Example 4

In this example, an appropriate dead-band is added to the preced-
ing problem to suppress chattering caused by the RCS command.
An ideal dead-band signum function is defined as

-1 U< -5
yw =10 =
1 u>s (42)
2
» 0 ...........
2 3 4 6 g 70
2 1
><N0 ,,,,,,,,,,,,

Time [s]

Fig. 4 Results of example 3.

X

RCS force

T2 3 4 5 6 7 8 9 10
Time [sec]

Fig. 5 Results of example 4.

where 2§ is the width of the dead-band. However, the derivative of
this function in the dead-band u € [—8, 8] is ¥'(«) =0, and Eq. (17)
cannot be calculated because the inverse of the derivative does not
exist. Therefore, Eq. (42) is modified so that it has a slight slope
(o > 0) in the dead-band, and the slope of tan~! is replaced with
an appropriate constant (). By these manipulations, the signum
function is changed to the form of

Ipp () =

a(u+uy) — (2/7) tan~" (ouy)
2/m)tan " [p(u + )] — ab
au lul <4
Q2/m)tan " [p(u — §)] + b S<u<é8+u
a(u—uy) + (2/m) tan™" (pu,)

U< —8—1u

—S—u <u<-4§

u = 8—|—u1
(43)

where u; = (1/p)/[2p/(wa) — 1], which is determined to connect
¥, and ) at u = £(3 +u,). The derivative of this function is

(2/m)p
(1 + p*(Jul = &%
o otherwise (44)

, §<lul <864+u
Vi) =

Figure 5 shows the result of a simulation in which ¥, in Eq. (39) is
replaced with v, in Eq. (43). This figure also shows the time histories
of angle, angular velocity, RCS command, and RCS torque from the
top. This result shows that the dead-band works effectively and the
system is stabilized without limit cycle of RCS command. In this
example, control gains are designed as the optimum regulator, and
their values are k; =100, k, = 114.1, and k3 = 15.1.

IV. Conclusions

This paper presents an input-state linearization method to allow
design of state-feedback controllers for single-input linear systems.
This method does not apply the inverse of the nonlinear function
of the systems, which often requires too much computational load
to solve nonlinear equations, and this is the effective point of the
proposed method comparing to the conventional method.

Appendix A: Possibility of Linearization

To prove that the nonlinear system (7) can be linearized, it is suffi-
cient to show that the vector field {g, adyg, . .., ad}; g} islinearly in-
dependent (controllability) and that a set of {g, adg, ..., ad; ~lg)
is involutive. The controllability is directly shown by the calculation
of the rank of the matrix. Because the first (n —i — 1) components
of ad’, g are 0 and the (n — i)th component of that is (—1)"~' By,
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the controllability matrix is
[g ad;g - adj-g]
0 (=D 'py’
= (=D 'By’ (AD)
, . )
From this equation, if 870 and ¥’ #0,
rank[g ad;g adjgl =n+1 (A2)

for all x,, ; ;. The controllability is proved.
To show that the set of {g, ad,g, ..., ad?i lg} is involutive, let
this set be {h, ..., h,}. Then, Lie brackets of k; and h; become

Ui bl = Vg, fi = Vi f; (A3)

Note that all elements on the right-hand side have the property that
all elements in the first row are 0. This yields

rank[g adsg ad;_lg]

= rank[g adg ad}™'g [hi bl =n (Ad)

Consequently, if 8 # 0 and ¢’ # 0, the set is involutive. a

Appendix B: Stability of the Controller

To show the stability of the controller, consider the expression in
Eq. (17),

Xps1 = —(kixy -+ kx) /W + (@ — ke DY/ (BD)

with input terms xi, ..., x,. Rewriting this equation without the
input terms yields

Yni1 = (@1 —kn DY /Y (B2)
One candidate for the Lyapunov function is
V=y>>0 for x,41#0 (B3)
Using this function, we can see that
V =20 (s ) (1)
= 2 Y )
t
= —2(kns1 = )Y (as 1) (B4)
Thus, the controlleris stableifk, | > o, _ ;. O
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